
2nd Year-Computer Communication Engineering-RUC  Advanced Engineering Mathematics   

 

Dr. Mohammed Saheb Khesbak Page 1 

 

INFINITE SEQUENCES AND SERIES 
 

Infinite series sometimes have a finite sum, as in 

 

Other infinite series do not have a finite sum, as with 

 

The sum of the first few terms gets larger and larger as we add more and more terms. Taking 

enough terms makes these sums larger than any pre-chosen constant. With some infinite 

series, such as the harmonic series 

 

it is not obvious whether a finite sum exists. It is unclear whether adding more and more 

terms gets us closer to some sum, or gives sums that grow without bound. As we develop the 

theory of infinite sequences and series, an important application gives a method of 

representing a differentiable function ƒ(x) as an infinite sum of powers of x. With this 

method we can extend our knowledge of how to evaluate, differentiate, and integrate 

polynomials to a class of functions much more general than polynomials. We also investigate 

a method of representing a function as an infinite sum of sine and cosine functions.  

 

A sequence is a list of numbers 

 

in a given order. Each of  and so on represents a number. These are the terms of the 

sequence. For example the sequence 

 
 

has first term a1=2, second term a2=4and n th term an=2n .The integer n is called the index of 

an and indicates where an occurs in the list. We can think of the sequence  

 
as a function that sends 1 to a1 , 2 to a2 , 3 to a3 , and in general sends the positive integer n to 

the nth term an . This leads to the formal definition of a sequence  
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The function associated to the sequence 

 

Sends  and so on. The general behavior of this sequence is described by 

the formula  

 

We can equally well make the domain the integers larger than a given number  ,and we 

allow sequences of this type also. The sequence 

 

 

 

Sequences can be described by writing rules that specify their terms, such as 
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Figure 11.1 shows two ways to represent sequences graphically. The first marks the first few 

points from  on the real axis. The second method shows the graph of 

the function defining the sequence. The function is defined only on integer inputs, and the 

graph consists of some points in the xy-plane, located at  
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Convergence and Divergence 

Sometimes the numbers in a sequence approach a single value as the index n increases. This 

happens in the sequence 

 

whose terms approach 0 as n gets large, and in the sequence 

 

whose terms approach 1. On the other hand, sequences like 

 

have terms that get larger than any number as n increases, and sequences like 

 

bounce back and forth between 1 and -1 never converging to a single value. The following 

definition captures the meaning of having a sequence converge to a limiting value. It says 

that if we go far enough out in the sequence, by taking the index n to be larger then some 

value N, the difference between an and the limit of the sequence becomes less than any 

preselected number . 
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The definition is very similar to the definition of the limit of a function ƒ(x) as x tends to 

 We will exploit this connection to calculate limits of sequences. 
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Calculating Limits of Sequences 

 

If we always had to use the formal definition of the limit of a sequence, calculating with  

and N’s, then computing limits of sequences would be a formidable task. Fortunately we can 

derive a few basic examples, and then use these to quickly analyze the limits of many more 

sequences. We will need to understand how to combine and compare sequences.  
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Commonly Occurring Limits 

 

The next theorem gives some limits that arise frequently. 
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Bounded Non-decreasing Sequences 

 

 

There are two kinds of nondecreasing sequences—those whose terms increase beyond any 

finite bound and those whose terms do not. 

 



2nd Year-Computer Communication Engineering-RUC  Advanced Engineering Mathematics   

 

Dr. Mohammed Saheb Khesbak Page 14 

 

 

 

No number less than 1 is an upper bound for the sequence, so 1 is the least upper bound 
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Infinite Series 



2nd Year-Computer Communication Engineering-RUC  Advanced Engineering Mathematics   

 

Dr. Mohammed Saheb Khesbak Page 16 

 

 

Since there are infinitely many terms to add in an infinite series, we cannot just keep adding 

to see what comes out. Instead we look at what we get by summing the first n terms of the 

sequence and stopping. The sum of the first n terms 

 

is an ordinary finite sum and can be calculated by normal addition. It is called the nth partial 

sum. As n gets larger, we expect the partial sums to get closer and closer to a limiting value 

in the same sense that the terms of a sequence approach a limit. 

 

For example, to assign meaning to an expression like 

 

We add the terms one at a time from the beginning and look for a pattern in how these partial 

sums grow. 
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Geometric Series 
 

Geometric series are series of the form 
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Divergent Series 

 

One reason that a series may fail to converge is that its terms don’t become small. 

 

 

 

This establishes the following theorem: 
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Theorem 7 leads to a test for detecting the kind of divergence that occurred in Example 6. 
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Combining Series 

 

Whenever we have two convergent series, we can add them term by term, subtract them term 

by term, or multiply them by constants to make new convergent series. 
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Re-indexing 
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The Integral Test 

 

 

 



2nd Year-Computer Communication Engineering-RUC  Advanced Engineering Mathematics   

 

Dr. Mohammed Saheb Khesbak Page 27 

 

 

 

 

 

 



2nd Year-Computer Communication Engineering-RUC  Advanced Engineering Mathematics   

 

Dr. Mohammed Saheb Khesbak Page 28 

 

 

 

 

The Ratio and Root Tests 
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Solution: 
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The Root Test 
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Exercises: 

1-  Find the             for : 

    
   

   
  ,                     -1< x <0 ,             

 

√ 
  ,            

  

    
 

2- Find the value of S if :              ∑                                            
 

 
 
    

3- using the ratio test find whether the below converge or diverge : 

    
      

   
  ,                                                                       

     

     
 

4- Find the value of A if :              ∑    
 

√ 
                                       

    

5- Using the root test find whether the below converge or diverge : 

   
      

  
  ,                                                                        

       

  
 

6- Find the value of L if :              ∑          
 

 
                                    

 

 
 
    

7- By ratio test find whether the below converge or diverge :        
     

     
 

 

 

 

 

 

 

 

 

 

 


