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Fourier Series :

Fourier series are the basic tool for representing periodic functions, which play an
important role in applications. A function f(x) is called a periodic function if f(x) is
defined for all real x (perhaps except at some points, such as x = =#/2, £37/2, - - - for
tan x) and if there is some positive number p, called a period of f(x), such that

(1) flx + p) = f(x) for all x.

The graph of such a function is obtained by periodic repetition of its graph in any interval
of length p (Fig. 255).

!
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Fi;. 255, Periodic functi:n .

Familiar periodic functions are the cosine and sine functions. Examples of functions
that are not periodic are x, x%, x®, ¢”, cosh x, and In x, to mention just a few.

If f(x) has period p, it also has the period 2p because (1) implies
fx +2p) = f([x + p] + p) = fx + p) = f(x), etc.; thus for any integern =1,2,3,---

(2) flx + np) = f(x) for all x.

Furthermore if f(x) and g(x) have period p, then af(x) + bg(x) with any constants a and
b also has the period p.

Our problem in the first few sections of this chapter will be the representation of various
Junctions f(x) of period 27 in terms of the simple functions

3) I, cos x, Sinx, cos2x, sin2x, -, cos nx, sinnx, *--.
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All these functions have the period 277. They form the so-called trigonometric system. Figure
256 shows the first few of them (except for the constant 1, which is periodic with any period).
The series to be obtained will be a trigonometric series, that is, a series of the form

ag + ay cosx + by sinx + as cos 2x + by sin2x + - - -

x
4) = ag + 2 (a, cos nx + b,, sin nx).
n=1
ag, dy, by, as, by, - + + are constants, called the coefficients of the series. We see that each

term has the period 27. Hence if the coefficients are such that the series converges, its
sum will be a function of period 2.

It can be shown that if the series on the left side of (4) converges, then inserting
parentheses on the right gives a series that converges and has the same sum as the series
on the left. This justifies the equality in (4).

Now suppose that f(x) is a given function of period 27 and is such that it can be
represented by a series (4), that is, (4) converges and, moreover, has the sum f(x). Then,
using the equality sign, we write

(5) f(x) = aq + 2 (a,, cos nx + b,, sin nx)
n=1

e, NPT A W (T WY 4.0 A W /
0 \/ 2n o\/n\/zn o\/W\/z::

cos x cos 2x cos 3x

N F WD N\ = oy S A
St T WAL N

sin x sin 2x sin 3x

Fig. 256. Cosine and sine functions having the period 27
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and call (5) the Fourier series of f(x). We shall prove that in this case the coefficients
of (5) are the so-called Fourier coefficients of f(x), given by the Euler formulas

l w
(a) ag = p_ f—"f(x) dx
l W
(6) (b) an = 3 f f(x) cos n 27 x dx n=12-.--
o T=m P
2
(c) b =lfwf(x)sinnz"tdt n=12---
n ?p - : A A
Example 1:

Periodic Rectangular Wave (Fig. 257a)

Find the Fourier coefficients of the periodic function f(x) in Fig. 257a. The formula is

-k if -r<x<(
(7) flx) = and  fix + 2m) = f(x).
k if O0<x<mw

Functions of this kind occur as external forces acting on mechanical systems, electromotive forces in electric
circuits, etc. (The value of f(x) at a single point does not affect the integral; hence we can leave f(x) undefined
atx=0andx = *7)

Solution. From (6a) we obtain a = 0. This can also be seen without integration, since the area under the
curve of f(x) between — and 7 is zero. From (6b),

| B | ~ 0 e
a, = = f f(x) cos nx dx = P j (—k) cos nx dx + f k cos nx d.\']
‘ - LY - 0

]:0
0

] sinnx |°

| sin nx
— | =k k
w n

s n
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(b) The first three partial sums of the corresponding Fourier series
Fig. 257. Eample 1
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because sinnx = 0 at —7, 0, and 7 forall n = 1, 2, - - -, Similarly, from (6¢) we obtain

™ - 0 =
1 I
Oy = = f f(x) sinnx dx = — f (—k)sinnxdx + f k sinnx dx
wJ_. T | 0
1 ’-k cos nx |° cosnx |7
T | R w n ol
Since cos (—a) = cos a and cos 0 = 1, this yields
2k
b, = — [cos 0 — cos (—nm) — cos nw + cos 0] = — (1 — cos nm).
nw nw
Now, cos 7= =1, cos 27 = |, cos 37 = —1, etc.; in general,
=1 for odd n, 2 for odd n,
cos nmw = and thus | —cosnm=
1 for even n, 0 for cven n.
Hence the Fourier coefficients b,, of our function are
4k 4k 4k
by = —, by = 0, by = —, - -
1 = 2 3 3 by 0, b5 e
Since the a,, are zero, the Fourier series of f(x) is
4 [ . k= |
(8) —= gy 4+ = andx+ —sin5x+~--).
™ 3 5
The partial sums are
4k 4k [ . )
S; = —sinx, Sg = — (sm x+ — sin &r) ' etc.,
w T 3
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thus

Derivation of the Euler Formulas:
Theorem 1:

Orthogonality of the Trigonometric System (3)
The trigonometric system (3) is orthogonal on the interval —m = x = 7 (hence also

on 0 = x = 2 or any other interval of length 27 because of periodicity); that is,

the integral of the product of any two functions in (3) over that interval is 0, so that
for any integers n and m,

w

(a) f cos nx cos mx dx = () (n # m)
9) (b) f sin nx sinmx dx = 0 (n # m)
(¢) sin nx cos mx dx = 0 (n # morn = m).

Proof:

This follows simply by transforming the integrands trigonometrically from products into
sums. In (9a) and (9b), by (11) in App. A3.1,

w

" | I
f_ COS nx cos mx dx = 3 f_wcos (n + m)x dx + 5 f_ﬂcos (n — m)x dx

f

w

. ) B l ”w ] w
sin nx sin mx dx = 5 f-’cos (n — m)xdx — 3 f."cos (n + m)x dx.

w

J

1 7 L. ™
sinnxcosmxdx=5f sin(n+m)xdx+5f sin(n — m)xdx = 0 + 0.
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Example 2:

Periodic Rectangular Wave

Find the Fourier series of the function (Fig. 259)

0 f =2<x<+]

fx) =4k if ~I<x< | p=2L=4, L

I
o

0 if I<x< 2

| |

-2 -l 0 1 2 x
Fig. 259. Example ]

Solution. From (6a) we obtain ag = k/2 (verify!). From (6b) we obtain

1

2
| J‘ 705 nmx 4 1 f : nwx 3 2k | nm
n = 5 X)CO8 —— dx = — DCOB =2 OX' W === GIy e
3 Ja 2 2 J_ 2 nw 2

Thus a,, = 0if n is even and

a, =2kinm if n=15,9,---, Ay = —2kinw if n=3,7,11,+--.

From (6¢) we find that b, = 0 forn = 1, 2, - - - . Hence the Fourier series is

2 C()S'z‘.\""COS-"‘.Y+—COS—.(—+"‘

f(')‘£+'2£( 2 | 3w | Sw
5 - 3 2 5 2 :
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Example 3:

Periodic Rectangular Wave
Find the Fourier series of the function (Fig. 260)

-k if -2<x<0
f(.r)=[ p=2 =4, L=2

k if 0<x<2

L1, 1T

Fig. 260. Example 2

Solution. a, = 0 from (6a). From (6b), with /L = 172,

r 0 2
l (=k) cos i dx + f k co huc d
a, = — - _ t CO§ —
=79 LY 2 3 ke
1 [ . onmx 0 2k . nmx . 0
= — | = — gip — + — sin — = (),
2 Ll nw 2 -2 nw = 2 0
so that the Fourier series has no cosine terms. From (6¢),
b = | 2k - nmx 0 2k nmx |2
"T 2 | ax 2 -2 nw ™2 o

dknm if n=1,3---

k
= — (1 — cosnm — cos nmw + l)={
™ 0 if n=24,---

Hence the Fourier series of f(x) is

f(_ﬁ '1+l.‘3_7r+_l.'5ﬂ+
X) = = smz.t 3sm 2.\' 5sm 2.r ‘
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Example 3:

Half-Wave Rectifier

A sinusoidal voltage E sin wt, where ¢ is time, is passed through a half-wave rectifier that clips the negative
portion of the wave (Fig. 261). Find the Fourier series of the resulting periodic function

0 if -L<1 < 0. 2 mw
u(n) = p=2L=—, L= —.
Esinwt if 0<r<L @ w
ult)
/'\| l /—\
~rlo 0 nlw t

Fig. 261. Half-wave rectifier

Solution. Since u = 0 when —L < 1t < 0, we obtain from (6a), with ¢ instead of x,

mlw
w
Qg = — Esinwtdr = —
0 2w o T

and from (6b), by using formula (11) in App. A3.1 with x = wt and y = nwt,
mwlw wlw
w . wkE ) )
Oy = — f E sin wr cos nwt dt = —— f [sin (1 + m@r + sin (1 — n)wi] dt.
w Jg 2w J,

If n = 1, the integral on the right is zero, and if n = 2, 3, - - - |, we readily obtain

= o Q+me (0 -no

wk |: cos (1 + nwt cos (1 — n)wr]"""
0

E (—cos(l+n)1r+l " —cos (1 — m)ym + 1
27 1 +n 1 —n ;
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If n is odd, this is equal to zero, and for even n we have

E 2 2 2E
Qo = = + )=— (n=24---)

2w \ |l +n | = n (n=1)n+ mw
In a similar fashion we find from (6¢) that b, = ER2 and b,, = Oforn = 2, 3, «« - Consequently,
u(r) = £ + = sin wt 28 : 2 !
= 3 w = l.3cos-wt+§cos4wl+---). [

Exercises of Fourier Series

Showing the details of your work, find the Fourier series of the given f(x), which is assumed
to have period 2.

1
ol l
l ' /
| - |
-T [ “0 %It T k 2
- ) /
- 0 1
2" = P
- J
1 d -\ 0 n
.
e - 0 (4 \
- 0 e T
\ T 1
T 4 =T - —_—
2"
L ; . | -
. - 1 /70 1 n
L/ | - % B L "'2'”,,»-’ L Q’f
- 0 T - 0 n s _%n
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fx) =x2(—m<x<m)

fx) =x2(0<x< 2w

2 if-dr<x<in 4y if —wm<x<0

f(x) = [ f(x) = [

. l .
% if w<x<iwm 4x if 0<x<m

Even and Odd Functions :
Half-Range Expansions :

Theorem 1

N

N\ ¥

TN c

Fig. 262. Even function Fig. 263. Odd function
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Fourier Cosine Series, Fourier Sine Series

The Fourier series of an even function of period 2L is a “Fourier cosine series”

(1) f(x) = aqg + 2 a,, cos ZLE X (f even)

n=1

with coefficients (note: integration from 0 to L only!)

2) —lfL(d. —2fo() it =1,2
= e— '¢ % " — — '- s -‘ — s '...
( ay L Of X) dx a L J, X) CO dx n

The Fourier series of an odd function of period 2L is a “Fourier sine series”

3) f@) =3 b, sin % x (f odd)

n=1

with coefficients

4 by = szﬂ)' = i
(4) n—Loxsm I dax.

Since the definite integral of a function gives the area under the curve of the function
between the limits of integration, we have

L
fL glx) dx =2 f gx)dx  foreven g
-L 0

J'L h(x)dx =0 for odd A
~-L

The Case of Period 27r. If L = mr, then f(x) = q + 2 a,, cos nx (f even) with
coefficients ne=l
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-

2 ”w
ff(")d"v %=;J;f(x)cosnxdx. B P AT

0

1
* = —
(2*%) g™ =

and f(x) = 2 b, sin nx (f odd) with coefficients

n=1

(4*) bn=%ff(x)$innxdx, n:l’z’...
0

THEOREM 2 Sum and Scalar Multiple
The Fourier coefficients of a sum f, + f4 are the sums of the corresponding Fourier

coefficients of f, and f,.
The Fourier coefficients of cf are c times the corresponding Fourier coefficients
of f.
Example 1
Rectangular Pulse

The function f*(x) in Fig. 264 is the sum of the function f(x) in Example | of Sec 11.1 and the constant £.
Hence, from that example and Theorem 2 we conclude that

4 [ . | |
f‘(x)-k+—1r-(sanx+3sm3.t+5sm5.r+ ) =

Example 2

Half-Wave Rectifier

The function u(r) in Example 3 of Sec. 11.2 has a Fourier cosine series plus a single term v(r) = (E/2) sin wt.
We conclude from this and Theorem 2 that u(r) — v(r) must be an even function. Verify this graphically. (See
Fig. 265.) -]
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y
[x) 0.5
2k —
-;t 0 R 2n 3n an x -n 0 ¢
Fig. 264. Example 1 Fig. 265. u(t) —v(t)withE=1, @ =1
Sawtooth Wave

Find the Fourier series of the function (Fig. 266)

f)=x+7 if —o<x<mw and fx + 2m) = f(x).

Solution. We have f = f, + fo, where f; = x and f5 = . The Fourier coefficients of f, are zero, except
for the first one (the constant term), which is 7. Hence, by Theorem 2, the Fourier coefficients a,,. b, are those
of fy, except for ag, which is . Since f, isodd, ¢, =0forn=1,2,--+, and

” -

2 2
b, = -;J;fl(x)sinnxdt= ;J;xsinnxdx.

Integrating by parts, we obtain

b 2 —X COS X
o7 n

LA T o 2
+ - f cosnxdx] = — — COS n.
0 n 0 n

Hence by = 2, by = —2/2, bg = 2/3, by = —2/4, - - -, and the Fourier series of f(x) is

1 |
f(x)=1r+2(sinx—;sin2x+gsin3x-+---). 7]
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() Partial sums 8,, Sy, S3, Sgo
(@) The function f(x) Fig. 266. Example 3

Half-Range Expansions:

Half range expansions are Fourier series. We want to represent f(x) in Fig 267a by a Fourier
series.

We could extend f(x) as a function of period L and develop the extended function into a
Fourier series. But this series would in general contain both cosine and sine terms. We
can do better and get simpler series. Indeed, for our given f we can calculate Fourier
coefficients from (2) or from (4) in Theorem 1. And we have a choice and can take what
seems more practical. If we use (2), we get (1). This is the even periodic extension f,
of f in Fig. 267b. If we choose (4) instead, we get (3), the odd periodic extension f; of
f in Fig. 267c.

Both extensions have period 2L. This motivates the name half-range expansions: f is
given (and of physical interest) only on half the range, half the interval of periodicity of
length 2L.
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(a) The given function f(x)

f

-Il L x
(b) f(x) extended as an even periodic function of period 2L

(¢) f(x) extended as an odd periodic function of period 2L
Fig. 267. (a) Function f(x) givenonaninterval 0 S xS L

(b) Even extension to the full “range” (interval) —L = x = L (heavy curve)
and the periodic extension of period 2L to the x-axis

(c) Odd extension to —L = x = L (heavy curve) and the periodic extension
of period 2L to the x-axis

EXAMPLE 4 “Triangle” and Its Half-Range Expansions

Find the two half-range expansions of the function (Fig. 268)

A
-2—*-_: if 0<xy<—

L 2
fix) = o L "I’/\
Te-2 if F<x<L !
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Solution. (a) Even periodic extension. From (2) we obtain

L2 L
_ | Zk—[ ZkJ' _k
%-L[L " xdx + L m(L X)d\']'—zn
o2 &f"” o %[0 o
n=7 A X cos L.t Ix T uz( x) cos Lx :

We consider a,,. For the first integral we obtain by integration by parts

2
nw Lx . nw A L . nmw
Xcos —xdx = — sin —x - — $in — x dx
0 0 nw 0 L

L nw L
s . nmw & 5 nir
o sin 2 22 cos 2 .

Similarly, for the second integral we obtain
L

L
uz(l,-x)cos-n—:'xdx= T (L — x) sin "Tx

L
= L . nw
+ — sin — x dx
vz nmJtye L

_(__I‘_ L-£ "_")_L_z - E)
- pem 2 sin 2 nz‘,rz cosnmw Ccos 2 .

We insert these two results into the formula for a,,. The sine terms cancel and so does a factor L2, This gives

A s AT l

ag = —16kI(2%7%), ag = — 16ki(6>7). ayo = —16ki(10%72), + - -

Dr. Mohammed Saheb Khesbak Page 50



Znd Year-Computer Communication Engineering-RUC Advanced Engineering Mathematics - First Semester

and a, = 0ifn # 2.6, 10, 14, - - -, Hence the first half-range expansion of f(x) is (Fig. 2692)

( L-ﬁ(L LS . . )
IS - S\ B g E ‘
This Fourier cosine series represents the even periodic extension of the given function f(x), of period 2L.

(b) Odd periodic extension. Similarly, from (4) we obtain

5 b ﬁ.ﬂ
(5) = nzﬂzsmz.

Hence the other half-range expansion of f(x) is (Fig. 269b)
_ 8 _'-.1__'_-3_"+L.5_"_+...)
f(x)—ﬂz lzsmL.:r 32SIDLX szsmLx 2

This series represents the odd periodic extension of f(x). of period 2L.
Basic applications of these results will be shown in Secs. 12.3 and 12.5.

(a) Even extension

(b) Odd extension
Fig. 269. Periodic extensions of f{x) in Example 4
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Fourier Series Summary and Notes:

1. Suppose f(x) is a periodic function of period 27 which can be represented
by a TRIGONOMETRIC FOURIER SERIES

o0
f(x) =ap + Z a, cosnr + b, sinnzx.

n=1

(This means that the series above converges to f(zr).)

Then the Fourier Coefficients satisfy the Euler Formulae, namely:

1 ™
ag = E/_wf(z)dr

a, = l/ f(z)cosnxdr forn=12,...
T J_x

1 m
bp: = ;/ f(z)sinnrdr forn=1,2,...

Recall the product of two even functions is even, the product of two odd func-
tions 1s even and the product of an even and an odd function is odd. Compare

3. If f is an odd function then

™

f(z)dz =10,

-7

while if f is an even function, then

) f(z)dx = 2/07r f(z)dx
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Review of integration by parts:

/f(-\‘)g'(x)dx = f(x)g(x) — /f’(.\')g(x)a’x

It is useful when f can be differentiated repeatedly and g can be integrated repeatedly
without difficulty. The integral

/ xe" dx

i1s such an integral because f(x) = x can be differentiated twice to become zero and

g(x) = e* can be integrated repeatedly without difficulty. Integration by parts also applies
to integrals like

/ e* sin x dx

Sometimes 1t 1s easier to remember the formula if we write 1t in differential form. Let

u = f(x) and v = g(x). Then du = f'(x)dx and dv = g'(x) dx. Using the Substitution
Rule, the integration by parts formula becomes

Integration by Parts Formula

/udv = yv — / vdu

EXAMPLE 1  Using Integration by Parts

Find
/ X COs x dx.
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Solution We use the formula / udv = nv — / v du with

U= dv = cos xdx.
du = dx. v = sinx.
Then

/xcosxdx = xsinxy — /sinxdx = xsinx + cosx + C.

EXAMPLE 2
Integral of the Natural Logarithm

Find

/lnxdx.

Solution Since f Inxdy can be written as f Inx-1dx. we use the formula
Judv =uv - f v du with

u=lInx Sumphifies when differentiated dv = dx Easy to mtegrate
1 |
du = ?d.\‘. v=.X. Sumplest antidenvative
Then

/lnxa'x =xlnxy — /x-%dx =xlhxy — /dx =xlnx —x + C.
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EXAMPLE 3:

Evaluate

/xze" dx.

Solution With v = x2. dv = e dx.du = 2xdx.and v = e*. we have

2 2
/x‘e"dx = x“e* — 2/ xe'dx.

The new integral is less complicated than the original because the exponent on x is
reduced by one. To evaluate the integral on the right. we integrate by parts again with
u=x.dv=e"de.Thendu = dx.v = e*. and

/xe’dx = ye* — /e"dx =ye* —e* + C.

Thus;

2 2
/.r“exdv x“e* "/xe’dx

x2e* — 2xe* + 2e¢* + C.

Il
-t
t
N
I
t

EXAMPLE 4:

Evaluate

/ e*cosxdx.
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Solution Letu = e*and dv = cosxdx. Thendu = e*dx. v = sinx. and

/e"cosxdx = e'sinx — /e"sinxdx.

The second integral is like the first except that it has sin x in place of cos x. To evaluate it.
we use integration by parts with

u=-e. dv = sinx dx. U = —COSX. du = e*dkx.

Then;

/e" cosxdy = e*smy — (—e"cosx - /(—cosx)(e"dx))

= e'sinx + e*cosxy — /e’cosxdx.

The unknown integral now appears on both sides of the equation. Adding the integral to
both sides and adding the constant of integration gives

2/ e*cosxdx = e*sinx + e*cosx + (.

Dividing by 2 and renaming the constant of integration gives

e*sinxy + e*cosx
/e’cos.\'dx = £ AR ]

’
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Exercises and Examples

Example 1. Let f be a periodic function of period 2w such that
f(z)=n%2—-2% forzx e (—m,m).
Find the Fourier series expansion.

e Check whether f is even or odd.

e If f is odd, all the Fourier coefficients a,, for n =0,1,2... are zero; if f
is even, all the Fourier coefficients b,, for n = 1,2... are zero.

e Compute the remaining Fourier coefficients using the Euler Formulae. It
is generally a good strategy to use Integration by Parts, successively
integrating sinnr and cosnz and differentiating f(x).

e Replace the expressions for the Fourier coefficients a,, b, in

o0

f(z) =ao + Z an, cosnr + b, sinnzr.

n=1

STEP 1: f(—z) =72 — (—z)® =72 — 22 = f(z) so f is even.
STEP 2: Since f(r) is even and sinnz is odd, f(z)sinnz is odd and hence
1 W
bp = ;/ f(x)cosnzrdr = 0.
STEP 3: Since f(z) is even and cosnz is even, f(x)cosnz is even, and so

/" f(x)cosnrdr = 2/1r f(z)cosnzdr.
oy o
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Therefore,

a,,=l/ f(:r)cosnrdl'=12/ f(:r)cosnrd:r=g/ (7% — 22) cosnx
xS o T Jo ™

0

Now; we use the Integration by parts method

™
/ (7% — 2?) cosnz, dx
0 w

f 9
1

/

- w
= (n®-z®)—sinnz| - —2r —sinnz dx
N, e’ T 0 ~—~ N
f g o ; g

1 1 2 [
= (7% —n?)—sinnm — (7% — 0%)—sin0 + —/ rsinnrdr
n n n Jo

2 w
= - rsinnrdzr.
n Jo

Using Integration By Parts again . . . .. . ..

x . —cosnr |7 x — COSNT
r sinnrdr = r —| — 1 dr
f g[ f _\,-’ f[ “’
g g
> . 7r
= X o] -0 eo8 +l/ cosnrdr
n n n Jo
1 Il sinnx |~ 1
= ——m(-1)"+=- = ——m(-1)".
n n n lo n
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Substituting in equation (b0 and (a) to get ;

a, = — /(n’ — 2 cosn:rd:r—gg/ recosnrdr
T™n Jo
n —4 n
= o~ O =

It remains to calculate ag, which is given by

apg = / f(z /7r2—1'2d1'

B x3 "_1 71'3_271'3
'w“’ Tl =2 \F ~3)=%

where we use the fact that f(r) = 72 — 22 is even.

™ —2=—+ ?(—1)"cosn1'+0.sinn1'—— Z_z( 1)" cosnx

n=1

Example 2. Show that the trigonometric Fourier series of f(x) = 3x for x €

(—m, ) is given by
o0
6 A
E —(—1)" sinnz.
n

n=1

SOLUTION:

STEP 1: f(—z)=3.— = -3r = —f(x), so f is an odd function.

Dr. Mohammed Saheb Khesbak Page 59



Znd Year-Computer Communication Engineering-RUC Advanced Engineering Mathematics - First Semester

STEP 2: Since f(x) is odd and cosnz is even, it follows that f(x)cosnz is
odd, so

AN 1
a,,=—/ f(z)cosnzrdr = —.0=0.
xJ = g

Moreover, since f is odd
a —L/1r f(:r)dr—iO—O
°“or ), B S

STEP 3: We need to calculate the Fourier coefficients using the Euler Formulae.
However, noting that f(r) and sinnz are odd, and therefore that f(z)sinnz is
even we have

6

O L™ "
b, = —/ f(z)sinnrdr = —2/ f(z)sinnrdr = —/ T(sinnzdr
wJ—-x ™ 0 T Jo

------------------------------ eq (c)
The latter integral is calculated using integration by parts.

— Ccosnr

x - Ly
: — COSNT —m

/ rsinnrdr =z —/ ——dr = —(-1)".
0 0 n

0 n

n

Substituting in to equation (c), get;
6 —7 6
bp=——(—1)" = ——(-1)".
n= (1) = ——(-1)

STEP 4: The Fourier series of f(x) = 3x is given by

o0 o0
2 6 :
ao+Zancosn:t+bnsmn:r 0+ZOcosn1'+—;(—l)"smn;r

n=1 n=1
o o
6 '
= E ——(—1)" sinnz.
n
n=1
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Home Work1:

Show that the Fourier Series expansion of  x* is:

Home Work2:
Let f(x) be defined by

0, -3<z<-1,
flz)=2¢1 1Ll
0. 1 <x <3

flx+6)= f(x) forall x.

Find the Fourier series for f.

ANSWER:

Example 3 : Find the F.S. expansion for ;
f(x)=|x|,on —r<x<m

Solution: |X] is an even function, so

™ ™
aozl/ |x|dx:g/ xdx =m
T J—x T Jo
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= —1-/ |x| cos(nx) dx = E/ x cos(nx) dx
0

Rl i T

-2 ([t - fr i) - S]]

-1 2 ((-1)n-1)
T wn? N2

Since the function is even and the sine is odd, then b,=0. It will be shown in details below;

11" 1. ° i "
bi = —/ |x|sin(nx) dx = —/ —x sin(nx) dx+—/ x sin(nx) dx
0

T Wof o s

_ % ![XCOZ(M)]: _/:ﬂnnx) x. % H —X COS nx)] / cos(nx) dx]

A B b

_Laly 1onay

215 cos(5x) + .. )

4
= g = (cosx 3 % cos(3x) +
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Home Worka3:

Find the Fourier Series Expansion of the function:

f(x)=1+xon[-m,m n
) [ ] Answer: =1
Example 4:
Find the F.S. expansion for ;

1 -1<x<0
f(x)=¢3 x=0 on [-1,1]

x 0<x<1

an = /-11 f(x) cos(nmx) dx

0 1
:/ f(x)cos(n7rx)dx+/ f(x) cos(nmx) dx
0

-1

0 1
= / cos(nmx) dx + / x cos(nmx) dx
-1 0

W
b=}
|

+

[W]o +[xsinn(7rr77rx) co:(zt:;x)r

-1

_cos(nm)—1 (-1)"-1
 n2m2 np2p2

1 0 1 3
ao=/ f(x)dx:/ dx+/ xdx=§
-1 -1 0

=028,
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by = /1 f(x)sin(nmx) dx

= /0 f(x)sin(nmx) dx + /0-1 f(x)sin(nmx) dx

-1

0 1
=/ sin(n7rx)dx+/ x sin(nmx) dx
0

-1

nm nm nm2

- l_ MJO . [_ x cos(nmx) sin(mrx)]l L
.5 nm

So the Fourier series is:

3 = (-1)"-1 X
fiix) = TS Z 27 cos(nmx) — Esm(mrx)
n=1

Home Work4:

Find the Fourier Series Expansion of the function:
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Exercises:

1- Find the Fourier series expansion for the periodic function f(t) in Fig.1.

2- Find the half range Fourier series expansion for the non-periodic function m(t) in Fig.2.

2 Tf(t)/: 2 4 m(t)
4 L,

\‘ 4 Fig.2 /‘
Fig.1 2- 2

3- Find the Fourier series expansion for the periodic function f(t) in Fig.3.

~

4- Find the half range Fourier series expansion for the non-periodic function m(t) in Fig.4.

m(t)
4
fi(t)
1
4 t R
| 2 4 Fig.4 | 2 t
- p TS >
Fig.3

5- Find the Fourier series expansion for the periodic function f(t) in Fig.5.

6- Find the half range Fourier series expansion for the non-periodic function m(t) in Fig.6.

f(t)
1
)’ R‘ ‘ 5 A m(t)
! 2 Fig.6
:/‘1- /
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Fourier Transform

Let f(t) be the time domain non-periodic function. Then the frequency domain Fourier
transform FT (exponential form) corresponding function is

Flw) = L Joof(t) e Jot dt
V2m )

While the Inverse Fourier Transform (IFT) is defined as;

Flw) el dw

F© = — ji

Example:
Find the FT of f(t)=1 lt] > 1
Solution:
F(w) - = j 11 T [eTiot] = _ (e7i® _ gl
va2m J_4 —jwV2m 1 —jw2m
F(w) 2 _ 2 sinw
W) = SInNw = —
w V2T T w
Example:
: _(e™®  for t=0 :
Find the FT of f(t) = { 0 fort<0 where a is a constant
Solution:

1 *® . 1 *© .
F(w) =—f eat | elotgt = — e-@HoO)t g =
0 V

vV 2T 2T 0
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F(oo) — e—(atjw)t —
V21 (a+ jw) | ]0
ifx<0 (k>0)
1- f(x) =
0 ifx>0
k if0<x<bh
2- f(x) =
0 otherwise
i B < |
3- flx) =
otherwise
e W=1<y<0
f(x) =
0 otherwise

9-f(t) =sin2mt

10- f(t) = cos2mt

Dr. Mohammed Saheb Khesbak

V21 (a+ jw)

k
5- f(x) =

0

X
6- f(x) =

0

X
7- f(x) =

0
8- f(x) = [

==

=1 <=

otherwise

i =] <ipa=Z ]

otherwise

if <2< |
otherwise
if =1 <x<0
if =31

otherwise
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SOME USEFUL IDENTITIES
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sin(—#) = —sinf), cos(—#) = cos ¥
sinfl + cos 2 =1, sectf =1 + tan’H, csci =1 + cot? @l
sin2f = 2sinflcosf, cos2f = cos>H — sin* #

24 _ 1 + cos 26 .2, _ 1 — cos20
cos“f = 5 . SIn“ 0 = .—2___.

sin(4 + B) = sinAcosB + cosAsinB
sin(4 — B) =sinAcosB — cosAsinB
cos(A + B) =cosAcosB — smAsinB

cos(4A — B) = cosAcosB + sinAsinB

_ tanA + tan B - _ tanA — tan B
tan (4 + B) = | —tanA4Atan B’ tan (4 — B) = | + tanAtan B
sin(A — %) = —cos A, cos(A — _;_r_) = sin A
sin(A + -72-7-) = cos A, cos(A + —;—) = —sinA

sinA sinB = 3cos (4 — B) — ycos (4 + B)
cosAcosB = %cos(A - B) + %cos (A + B)
sindcos B = %sin(A — B) + %sin(A + B)
sind + sinB = 2siny (4 + B) cos3 (4 — B)
sind — sinB = 2cos3(4 + B)sing (4 — B)
cosA + cosB = ZCOS%(A + B) cos%(A — B)
cosA —cosB = -2 sin%(A - B)sin%(A — B)

SOME USEFUL INTEGRATIONS
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fuv' dx = uv — f u'v dx
n+l\

f.r"dx= I;+l

1
j—dx= Inlx| + ¢
X

-+

. ]
fe‘“dr =—e" +c
a
fsin xdx = —Cosx + ¢
fcos xdx = sinx + ¢

flanxdx = —In|cos x| + ¢

fcolxdt = In|sinx| + ¢

(n # —1

fscc xdx = Inlsecx + tanx| + ¢

fcsc xdx = Inlcscx — cotx] + ¢

f €™ sin bx dx

ax

f €** cos bx dx

ax

€
2

Advanced Engineering Mathematics - First Semester

Ifcotz.tdr = —COtXx — X + ¢
I

I

|fln.tdt=.tln.\' - x+c

L e e e e e e e e e e -

Ifcoszxdx =4x + 3sin2x +

dx l X '
f—z———z = —arctan— + ¢ |
i Y a a [
I
dx . |

= arcsin — + ¢
VaZ - x2 a :
d.\' y X [
= arcsinh — + €|
\/x2 + a2 a :
dx X I
= arccosh — + ¢
X —a a |

!
fsin2 xdx = 3x — 3sin2x + 4

ftanzxd.t =tanx — x + ¢

e (@ Sin bx — b cos bx) + ¢
at + b2

= —_‘_7 (a cos bx + bsin bx) + ¢

a
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