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VECTOR INTEGRAL CALCULUS 

 

Line Integral (Curve Integral): 

 

 
 

 

           
Or ;   

                         
 

Example 1 : 

                                              



2nd Year-Computer Communication Engineering-RUC  Advanced Engineering Mathematics – 2nd Semester  

 

Dr. Mohammed Saheb Khesbak Page 109 

 

Solution: 

 

 

 

 

 

 
-------------------------------------------------------------------------------------------------- 

Line Integral in space (3 Dimensional): 

 

Example 2: 

 

                       
Solution: 
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Example 3: 

 

 
 

Solution: 

 
 

Example 4: 
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Solution: 
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Exercises:  

 

 

 

 

 

 
 

Double Integral: 

 

 

 as shown by Fig.3 

 

 
 

 as shown by Fig.4 
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Application and examples of Double integral: 
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Example 5: 

 
Example 6: 
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Example 7: 

 

 
Solution: 

 

Total mass is 

  

 

 
In same way;  

 

 

 

 
 

Same way; 

 

     and then       
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Change Cartesian integrals to polar: 

 

 
 
For line integral: 
 

∫  ( )   
  

  

 ∫  ( ( )) 
  

  

  

  

    

Where x(r) is continues and has a derivative for  r1 ≤ r ≤ r2. 

 

Example 8: 

Calculate the below line integral in both Cartesian and polar forms for figure 

below: 

 

In Cartesian: 

 

f(x) = y = 4              -2 ≤ x ≤ 6     

 

∫  ( )   
  

  

 ∫        , -  
    

 

  

 

 

In Polar: 

Here x= r cos θ    with θ=constant = 0 

 
  

  
       , f(x)=4, r1=x1=-2, and r2=x2=6 

 

then;     ∫  ( )   
  

  
 ∫  ( ( )) 

  

  

  

  
    ∫ ( )(    )

  

  
    

 

=∫ ( )(    )
  

  
            , -  

     

 

 

X=-2 X=6 

Y=4 

X 

Y 
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For Double – Integrals  (Jacobian method): 

 

 
 

Note that ; 

 
 

 
 

Example 9: 

Find the Area in both Cartesian and polar form for below region:   

 

 
  (    )(     )  (      )(    )    

And r
2
=(x

2
+y

2
) and  0 ≤ r ≤ 1    and 0 ≤ θ ≤ π/2     
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Example 10: 

 

 
Solution: 
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LAPLACE TRANSFORM 

 

 

 

 
 

 

 

 
 

 
 

Example 11: 

Find the Laplace transform for the unit step function u(t). 

 

 ( )  2
          
            

3 

Solution: 
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Example 12: 

 
Solution: 

 

 

 
Example 13: 

 
Solution: 

 
Example 14: 

Find the Laplace Transform for  cos(wt) and sin(wt). 

Solution: 

 (     )  ∫              
 

 
 ∫      (          )  

 

 

 

 

 

 
 

 
 ∫   (    )    

 

 

  
 

 
 ∫   (    )    

 

 

 
 

 (    )
  

 

 (    )
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Using same way;  

 (     )  
 

     
 

-------------------------------------------------------------------------------------------------- 

 
Note: 
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Which means replacing each  s  by (s-a) 

Examples: 

Find the Laplace Transform for below functions: 

1- f(t) = 4t e
5t

 

Since L[t] = 1/s
2
 from table (1), then ;       ( )  

 

(   ) 
 

2- m(t)=e
-2t

 cosh2t 

Since  ,      -   
 

    
   then   ( )  

   

(   )   
 

   

     
 

3- f(t)=6sin2πt-3 e
-2t

 cos2πt 

Directly we may solve as  ( )  
   

      
 

  

      
 
                    

      
 

Exercises:  
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Examples: 

Find the Laplace Transform of the below functions: 

1-  ( )  
 

  
       

 ( )     (      )       
  

      
   

    

      
 

2-  ( )  
 

  
      

 ( )     (     )       
  

     
   

  

     
 

3-  ( )  
 

  
      

 ( )     (     )      
  

   
   

   

   
 

4-  ( )  
  

   
      

 ( )      (     )    *     +    *    
       +    

   

(   ) 
      

 
      

(   ) 
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5-  ( )  ∫           
 

 
              ( )  

 (      )

 
 

 

      
 

6-  ( )  ∫           
 

 
          ( )  

 (      )

 
 

 

 (   ) 
 

Example 15: 

 

using Laplace differential and integration properties find F(s) for  ;       

 ( )       

 ( )   (    )                            ( )  (    )     (
 

  
    )  

  ( )   (         )  
 

(   )
 
 

 

(   )
 

 

(   )
 
 

               ( )
 

(   )
 
 

Exercises: Using Laplace differential and integration properties find F(s) for   

 
Definition of Unit Step function: 

 

 ( )  {
               
              

} 

 

Also a unit step function with time shift is; 

 (   )  {
               
              

} 

 

 , ( )-  ∫           
 

 

 

 
                , ( )-   , -  

 

 
  

 

 , (   )-  ∫           
 

 

 

 
                  , (   )-  

 

 
     

 

 

t 

u(t) 

0 

t 

u(t-b) 

0 b 
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      ---------- (1) 

Representation of functions using Unit Step: 

 
The Equation is represented graphycally as below 

 
Also check the corresponding intervals using step fuctions: 

 

 

 

 

 

Therefore; 

   ( )    , ( )   (   )-   
 

 
   0 (   )   .  

 

 
 /1       , .  

 

 
 /- 

 
 

u(t)-u(t-1) 

1 

1 
 (   )   (  

 

 
 ) 

 

 1 

1 

 

 
  

 (  
 

 
 ) 

 

1 

 

 
  1 
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Combining all parts of L-transform of f(t); 

 
As another way to solve for F(s) ; 

 

 
 

Definition of Impulse function: 

 

 ( )  2
                
                  

3 

 

 

 (   )  2
                
                  

3 

 

 

 

t 

δ(t) 

0 

t 

δ(t-b) 

0 b 
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And the L-transforms are: 

 

 * ( )+                                and                               * (   )+       
 

As an example find the L-transform for the below function: 

 f(t)=4δ(t) -12 δ(t-3) 

 ( )           
 

Exercises: 

Using the step function representation find the L-Transform: 
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INVERSE LAPLACE TRANSFORM 
 

Inverse Transform using known transforms: 

 

Examples: 

Find the inverse L-Transform f(t) for the below functions: 

1-   ( )  
     

     
 

First to do is to simplify the function in a way so that each part may look like one 

of the standard Laplace-transformation in table (1) 

So  ( )  
  

     
 

  

     
      2

 

     
3        2

 

     
3 

And then  ( )                  
 

2-  ( )  
  

   √ 
             ( )  

  

 (  
√ 

 
)
 

 

(  
√ 

 
)
 

Therefore  ( )        {
 

(  
√ 

 
)
}      

√ 

 
   ( )      

√ 

 
 
 

Exercises: 
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Partial Fraction method: 

 

 
 

Steps and cases for partial fraction method: 
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Examples: 

Simplify the below functions using partial fraction method: 

1-      

      This function can be simplified as below: 

 
By which we need to find the values for A, B, and C. 

       

(   )(   )(   )
 
 (   )(   )   (   )(   )   (   )(   )

(   )(   )(   )
 

Which leads to: 

 
 

 
2- 

  Also we may re-write the function as below:
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3-    

this function can also be simplified using another form as below: 

 
 

 

 

 
4- 

  proceeding with same way as below; 
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Inverse Laplace - Transform using partial fraction method: 

Partial fraction method is used here to simplify any complicated function in S-

domain to a simpler parts look like those in Table (1). 

 

Examples: 

Find f(t) for the below s-domain functions using partial fraction method: 

1-  ( )  
  

(   )(    )
=

 

(   )
 

 

(   )
 
 (   )  (   )

(   )(   )
 

Which gives A=4 and B=-4 , therefore   

  

 ( )  
 

(   )
 

 

(   )
     leading to   ( )  (         ) ( )    

2-  ( )  
 

(   )(   )
 

 

(   )
 

 

(   )
 
 (   )  (   )

(   )(   )
   where a≠b 

Which gives   
 

   
        

 

   
        

Then   ( )  
 

   

(   )
 

 
 

   

(   )
   and  ( )  

 

   
 (     

 

   
     )  ( ) 

3- 

 

 

 

 ( )  
     

    
 

    

       
 
   

    
 

 

    
 

    

         
 

 ( )  
   

    
 

 

    
 
      

(   )   
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 ( )  
   

    
 

 

    
 

 (   )

(   )   
 

 

(   )   
 

Which gives; 

 ( )  *                                    +  ( ) 
 

Exercises: 

Using partial fraction find the inverse L-transform for: 
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ORDINARY DIFFERENTIAL EQUATIONS SOLUTION 

  (      ODEs     ) 

 
 

 

 

 

 

 
Example16: 

Consider the below ODE : 

 ́       where y=f(t) and  ́  
  

  
  with initial value y(0)=5.7 

 

Now by taking L-transform for both sides of   ́       , get; 

  ( )   ( )    ( )            ( )   
 ( )

   
 
   

   
 

 

Using inverse L-transform    ( )           ( ) 
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Or simply         ( )            
Example17: 

Solve the following ODEs using inverse L-transform. 

1-   ́                            ( )    

Solution:   Taking L-transform for both sides; 

  ( )   ( )      ( )           ( )  
 ( )

     
  

 

     
 

Now;  ( )            to find the value of k, use y(2)=2 , get 

 ( )                
 

 
       

Therefore;    ( )              
 

2-  ́                           ( )    

  ( )   ( )   ( )  
 

  
           ( )  

 ( )  
 
  

   
 

 

   
 

 

  (   )
 

 

Now using partial fraction   
 

  (   )
 
    

  
 

 

(   )
 

Which gives  A=B=-1 and C=1 

Therefore  
 

  (   )
 
    

  
 

 

(   )
  

 

 
 

 

  
 

 

(   )
 and then substituting in Y(s) 

 

 ( )  
 

   
 
 

 
 
 

  
 

 

(   )
 

Taking inverse L-T; 

 ( )                     
 

Exercise: 

Solve the following ODEs using inverse L-transform. 

1-   ́                               ( )  
 

 
  

2-  ́                              ( )  
 

 
 

 



2nd Year-Computer Communication Engineering-RUC  Advanced Engineering Mathematics – 2nd Semester  

 

Dr. Mohammed Saheb Khesbak Page 136 

 

Separable ODEs: 

 

 

 
Example 18: 

Find the solution for below ODE: 

 ́       

It is desired to put each variables together in one side as below; 
  

  
          

  

(    )
     

Now integrating both sides give;  

∫
 

(    )
    ∫                              (   )  

C is a constant of integration. 
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Second Order Differential Equation: 

 
 

Homogenous Linear ODEs of Second Order: 

 

 

 
Which could be written in general as : 
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Constant-coefficient homogenous Equations: 

 
With below auxiliary equation (characteristics equation) : 

 

 
Which have roots ; 
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Examples: 

1- 

 

 
Now using the initial conditions given; 

y(0)=3= c1+c2     and  y
'
(o)=-1= 3c1-2c2   and by combining the two equations we 

have:   c1=1 and c2 =2. Therefore ; 
            

2-     

 
Also if we substituted the initial values we obtain : 
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3- 

 
Using the given initials; 

      (           ) 
H.Ws: 

 
Exercises: 
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None- Homogenous Linear ODEs of Second Order: 

 

 

 

 
 

Examples: 

1- 
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Solving ODEs using Laplace Transform: 

 
 

Example 19: 

Find the solution for y1 and y2; 

 

 
Taking Laplace transform for each side of each equation, get; 

 
Solving both for Y1(s) and Y2(s); 

 
 

By Inverse L-Transform ; 

 

 
 

Exercises: 
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--------------------------------------------------------------------------------------------------

--------------------------------------End------------------------------------------------------ 

 

 

 

 


